Modern imaging techniques, increased simulation capabilities and extended theoretical frameworks, naturally drive the development of multiscale modelling by the question: which new information should be considered? Given the need for concise constitutive relationships and efficient data evaluation; however, one important question is often neglected: which information is sufficient? For this reason, this work introduces the formalized criterion of subscale sufficiency. This criterion states whether a chosen constitutive relationship transfers all necessary information from micro to macroscale within a multiscale framework. It further provides a scheme to improve constitutive relationships. Direct application to static capillary pressure demonstrates usefulness and conditions for subscale sufficiency of saturation and interfacial areas.
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Introduction
Multiscale modelling is an important tool to describe the behaviour of heterogeneous multiphase systems with reduced complexity. For instance, classical Darcy's law [1] provides an approximation for stationary singlephase flow in porous media and recent developments allow to predict fluid-cluster resonance [2, 3] , liquefaction of partially saturated sands [4] or structures with exceptional mechanical properties [5, 6] . On the smaller and typically more detailed microscale, the physical system is determined by a set of microscopic parameters S micro . For example, densities ρ, velocities v, stress tensors T and other microscopic parameters can describe a mixture of sand (solid s) and water (fluid f) on the microscale, For convenience, expressions related to the microscale are labelled by a 'micro'-index, cf. appendix A for detailed definitions and terminology. For many investigations, however, the complexity of the system requires significant reduction by a macroscopic approach, e.g. owing to limited insights into or processing of the microstructure. Hence, a set of macroscale parameters S macro is introduced, which is typically smaller and/or less complex than S micro ; a detailed overview of various multiscale approaches can be found in [7] . For example, Hassanizadeh & Gray [8] [9] [10] and Gray & Hassanizadeh [11] introduce the following set S macro,HG of macroscopic parameters for multiphase systems of a solid (s), a wetting fluid (w) and a non-wetting fluid (n): For convenience, a 'macro'-index is omitted for physical macroscale properties as they appear most frequently in this work. Greek letters are used as replacement characters for bulk phases (α ∈ {s, w, n}), interfaces (αβ ∈ {sw, sn, wn}), contact lines (αβγ ∈ {swn}) or all of them (χ ∈ {s, w, n, sw, sn, wn, swn}). Furthermore, porosity (φ) and saturation (s w and s n ) are related to volume fractions n α as φ = 1 − n s = n w + n n , s w = n w φ and s n = n n φ = 1 − s w . (1.2) In all cases, a prediction of the physical system requires a closed set of equations to solve for a macroscopic boundary value problem of interest. While a limited number of macroscopic parameters is determined by balance equations (sometimes called predetermined process variables) or simplifying assumptions, a remaining set (sometimes called response functions) needs to be determined by constitutive equations. . In this example, the number of particles N, the macroscopic density ρ, velocity amplitude v, normalized velocity direction n and temperature τ in a representative volume element of constant size V RVE should be defined as The constants k B and m p are assumed to be known material parameters, whereas τ is motivated by an averaged kinetic particle energy. During a numerical simulation, the set {ρ, v, n} is recorded, whereas the macroscopic temperature τ is unknown. It can be shown that this set is not sufficient to predict τ , because it does not completely determine the macroscopic temperature. For instance, τ = (m p /3k B )v 2 is not appropriate, as v can vanish for cases in which τ does not. Furthermore, the directional information n is superfluous.
Whereas significant progress is made by individual extensions to improve the accuracy of multiscale theories, cf. the extension of Darcy's law [1, [12] [13] [14] [15] [16] [17] [18] , the second competing goal of multiscale modelling is often neglected, which is the reduction of complexity. On the one hand, for instance, modern numerical and experimental techniques allow a detailed investigation of microscale phenomena [19] [20] [21] [22] [23] [24] and the set S macro increases to explain novel explorations. On the other hand, large amounts of data and time restrictions during experiments require an efficient process to filter out unnecessary information. In example 1.1, the set {ρ, v, n} clearly must be extended to correctly predict τ , whereas parameters such as n can be obviously omitted. In addition, the theoretical development of constitutive equations faces more unknown material parameters or balance equations for each extension of S macro . Hence, the set S macro should be extended as necessary but also limited as possible.
In contrast to the search for novel influences, this work therefore explores the question whether S macro already contains sufficient information to fully constitute an unknown macroscopic parameter within the multiscale framework. For this reason, the concept of subscale sufficiency will be introduced, inspired by the concept of sufficiency in mathematical statistics. Subscale sufficiency is introduced as a formal criterion that determines whether transfer of further information from microscale (S micro ) to macroscale (S macro ) will also add more information on the unknown macroscopic parameter to be modelled. Subsequently, the relationship between capillary pressure, saturation and interfacial areas will serve as an example. The valuable results of subscale sufficiency are then specifically demonstrated using exemplary applications in microscale simulations and image-based data of partially saturated rock material.
The concept of subscale sufficiency: efficient information transfer across scales (a) Motivation by statistical sufficiency
The major purpose of a macroscopic constitutive equation is to determine an unknown macroscopic parameter Ψ macro (e.g. mass or momentum exchange) in terms of the remaining set of macroscopic parameters of the model {Ψ macro 1 , . . . , Ψ macro n } = S macro \{Ψ macro } (e.g. densities, velocities, . . .). The unknown macroscopic parameter of interest Ψ macro can be defined in various ways such as, but not limited to, -upscaling from the microstructure (e.g. averaged density or averaged outflow rate), -implicit dependency on other macroscopic parameters (e.g. macroscopic pressure being a derivative of a macroscopic energy functional with respect to macroscopic density) and -explicit dependency on other macroscopic parameters (e.g. between volume fractions and porosity).
Independent of the type of definition, the macroscopic parameter is assumed to be completely determined by the underlying microscopic state. However, only a reduced macroscopic model is available for its prediction. A similar situation occurs in statistical problems.
Common to multiscale models and statistical models is the objective of a manageable description of highly sophisticated processes via a model of less complexity, cf. the structural similarities depicted in figure 1. Similar to a macroscopic multiphase model that approximates underlying flow and deformation processes by a parameter set S macro , a statistical model may approximate random temperature fluctuations by the parameter set θ = {μ, σ } of a normal distribution N (μ, σ 2 ) with mean μ and standard deviation σ . In both cases, the detailed underlying processes should not or cannot be considered. The modelling parameters (S macro and θ , respectively) are chosen as a compromise between accuracy and simplicity. Figure 1 . Sketch of the analogy between statistical and multiscale modelling yielding the concept of subscale sufficiency. models, a constitutive relationship predicts the value of an unknown macroscopic parameter Ψ macro ∈ S macro . In statistical models, an estimator is used to predict an unknown parameter such as μ ∈ θ [25, 26] .
In the case of statistical models, the arithmetic mean can be proven to be statistically sufficient information for μ of the normal distribution if σ is given [27, 28] . Knowing more information than the arithmetic mean (such as the median, root mean square or any other information from a sample) does not provide more information on the real value of μ. An estimator that depends on such a sufficient statistic is even optimal in the sense that it minimizes the expected deviation [29] [30] [31] [32] . To the best of the author's knowledge, such a formal criterion of sufficiency is yet to be formulated for multiscale theories. For this reason, the concept of so-called subscale sufficiency is now introduced, motivated by the concept of statistical sufficiency. The introductory scenario in the former example was chosen, because it is oriented towards the most original definition 2.1 and the proof becomes convenient owing to an analytically accessible connection between the macroscopic and the microscopic system. In many cases, however, an unknown macroscopic parameter may not be directly given in terms of microscopic values or the desired proof requires too many assumptions. For this reason, definition 2.1 is alternatively formalized as follows in a more figurative sense, which is a central result for application of the criterion of subscale sufficiency. 
Lemma 2.3 (equivalence of subscale sufficiency and the existence of a relating function). Following the definitions in appendix
or in short conceptual notation
Proof. We can construct a relation f between the set Ψ macro set and the set Ψ macro by pairing the corresponding realizations (which always exist for all microscopic systems of interest owing to the preliminary assumptions such as the existence of well-defined upscaling functions, cf. appendix A). In particular, this relation is left-total such that for allΨ macro set there is at least one correspondingΨ macro , i.e. f −1 is surjective.
If we now assume that the set Ψ macro set is subscale sufficient for Ψ macro , (2.1) must be fulfilled. This equivalently means that if two realizationsΨ macro,I =Ψ macro,II differ, the two realizations of the subscale sufficient set must also differΨ
. By proof by contradiction, for all Ψ macro set , there is at most one correspondingΨ macro . Because there is also at least one corresponding Ψ macro , the relation f is a function as required in lemma 2.3.
If we assume that there is a function f as defined in this lemma, the relation f −1 must be surjective and for all microscopic statesΨ macro,I =Ψ macro,II ⇒Ψ
. By proof by contradiction, this is equivalent to the property (2.1) in definition 2.1 (i).
The alternative approach given in the previous lemma is helpful if an unknown macroscopic parameter is implicitly introduced in terms of other macroscopic parameters and such situation will become relevant in case of capillary pressure as discussed in §3. In examples 1.1 and 2.2, temperature, pressure and density were introduced as explicit a priori definitions for convenience purposes, motivated by the kinetic theory of gases. Without those explicit expressions, lemma 2.3 became useful and less trivial, for instance, if temperature is only implicitly related to pressure and density by the concept of entropy [33, 34] .
It should nevertheless be noted that the application of the criterion of subscale sufficiency by definition 2.1 and by lemma 2.3 relies on two preconditions. First, a multiscale framework must be determined (definition of microscale, macroscale and their link). Second, the macroscopic parameter must be accurately defined, for instance, related to the microscale (e.g. an average) or related to other macroscopic parameters explicitly or implicitly (e.g. by a differential equation or an energy potential). These definitions are indispensable for any formalized evaluation criterion.
Similar to statistical modelling, subscale sufficiency does not evaluate whether the micro or macromodel was chosen appropriately for a given physical problem. In example 2.2, the assumption of equal particle masses and the definitions of τ and p as temperature and pressure may not be appropriate in all situations, cf. the interesting but complicating density matrix in quantum mechanics or particle-particle interactions [33, 34] . Still, the microscale model contains substantially more information than the macroscale and subscale sufficiency guarantees that neither additional macroscopic nor microscopic parameters will add more information to τ than {ρ, p} as defined within that framework.
In a next step, the Rao-Blackwell theorem in mathematical statistics [29] [30] [31] [32] will motivate a theorem resulting in an optimization scheme for constitutive relationships. Basic elements from mathematical statistics will thus be transferred to the multiscale formalism, namely an expectation, a weighting function and a deviation measure. Despite some formal similarities to mathematical statistics and statistical mechanics, relevant conceptual differences should be noted in advance.
In contrast to mathematical statistics, the weighting function of the following theorem is introduced to normalize a quality measure for constitutive relationships. It does not originate from random distribution functions. Also in contrast to statistical mechanics, variations of microscopic states are not employed to develop a statistical interpretation of a microscopic phase space; even though many upscaling approaches can be interpreted as an average at least in the broadest sense. In this treatise, the microscopic states are varied only to measure deviations between constitutive relationships and the unknown parameter. The aforementioned properties allow to apply subscale sufficiency also to multiscale frameworks that do not incorporate a deviation measure of constitutive relationships themselves, for instance, upscaling of flow in porous media from one continuum scale to another [7, 8, 13] . 
Theorem 2.4 (improvement of constitutive relationships
The equality of expectancies results from application of the above relationship to EΨ macro [δ 2 ]. The deviation inequality results from
where the last term vanishes because of the integral split shown above and δ 2 andΨ macro are constant for fixed values of Ψ macro set .
Example 2.5 (improved relationship for kinetic temperature).
To illustrate application of theorem 2.4 to the particle system in examples 1.1 and 2.2 and to allow for an analytical comparison, we assume that the subscale sufficient set for τ could be derived but the explicit function τ (p, ρ) remained unknown. As an initial but rough guess, we can try to approximate τ by the energy of one particle as
Using knowledge about the subscale sufficient set, theorem 2.4 enables us now to improve δ 1 to From now on, we focus on systems with N = 2 particles, i.e. a single density ρ = 2m p /V RVE , for the sake of simplicity. A possible parametrization of the microscale is X micro 1 
It has been used that δ 1 only depends on w micro 1 and the integration limits of the remaining variations in nominator and denominator cancel each other.
In contrast to the less favourable estimator δ 1 , the new relationship δ 2 resembles the true valuẽ τ = (m pp )/(k Bρ ) remarkably well, knowing only the subscale sufficient set but no specific form 
The above theorem provides a conceptual scheme that improves an initial constitutive equation with respect to all microscopic states for a givenΨ macro but constrains the evaluation to the corresponding Ψ macro set . Even though motivated by statistical tools, the previous results do not involve any statistical distributions, but only a formalism to define a criterion of sufficiency and a measure of deviation. Its practical advantages will be discussed in example 3.2 after subscale sufficient sets have been identified for capillary pressure.
Remark 2.6 (properties of (minimal) subscale sufficiency).
(i) Subscale sufficiency (minimal subscale sufficiency) is clearly preserved under bijective and surjective (bijective) functions of a subscale sufficient (minimally subscale sufficient) set, which, therefore, does not have to be unique. (ii) (Minimal) subscale sufficient sets for Ψ macro may not necessarily exist within S macro , e.g.
if S macro is too small. (iii) Note that the definition of minimal subscale sufficiency is restricted to a given superset S macro to exclude physically insignificant, trivial candidates such as the unknown parameter itself (which just redirects to the initial problem) or the set of all microscopic parameters (which does not reduce the complexity of the microscale problem). These two trivial sets constitute end members for subscale sufficient candidates in terms of simplicity and accuracy, respectively. (iv) The concept of (minimal) subscale sufficiency is not restricted to spatial averaging but can be applied to general upscaling techniques among two or more scales. (v) Material properties such as incremental elastic moduli and permeabilities are assumed to be known in this work, e.g. from experimental investigations. (vi) It is assumed that an underlying microscopic state completely and uniquely determines the macroscopic state. As a result, there is always an upscaling relation U linking a macroscopic parameter to Ψ micro set , which does not necessarily need to be known, explicitly or implicitly. (vii) Functions that only depend on the subscale sufficient set or a subset thereof are invariant with respect to the improvement scheme in theorem 2.4.
(c) Usage and conceptual classification of subscale sufficiency in multiscale modelling (i) Usage in theory, numerics and experiments
The main property of (minimal) subscale sufficiency allows to evaluate a chosen set of parameters Ψ macro set with respect to its necessity for an unknown macroscopic parameter Ψ macro -given the model and assumptions chosen by the investigator. Possible applications in research and technology are pointed out in the following list, of which some are illustrated in the introductory examples and the examples given by application to capillary pressure in §3:
-Evaluation and improvement of existing constitutive relationships: whereas constitutive relationships are often evaluated by their quality to reflect a specific physical phenomenon, the sufficiency criterion allows for a formalized assessment using the explicit or implicit definition of the unknown parameter. As one beneficial result, a specific constitutive relationship can be improved following the scheme presented in theorem 2.4, which is motivated by the Rao-Blackwell theorem [29] [30] [31] [32] . The new constitutive relationship can be proven to be never worse or even better than the old one and it can be used to motivate a new general form (e.g. τ ∝ p/ρ in example 2.5). in large data output [19] [20] [21] [22] [23] . Moreover, critical short-term predictions, e.g. pressure-peaks in fluid-filled fractures [35] , require fast data processing. Such processing can be guided by an analysis of minimal subscale sufficiency to focus on the necessary recordings and eliminate superfluous information (e.g. discarding n and v in example 2.2 or focusing on a fixed density ρ in example 2.5). -Conceptual evaluation of missing influences and consistency: a set that cannot be successfully proven to be subscale sufficient can indicate a missing influence. What is even more important, awareness of missing subscale sufficiency can detect inconsistent assumptions between the scales. For example, flow profiles in rigid channels are sometimes incorrectly upscaled for application in highly deformable structures [17] .
Starting from a comprehensive microscale basis S micro , single microscopic effects can be eliminated or added systematically until subscale sufficiency is achieved (e.g. solid shear or bulk elasticity). This reveals which assumptions are necessary for the macroscale but had no corresponding counterparts at the microscale.
To achieve the aforementioned goals in specific application, at least two possible approaches for evaluation of subscale sufficiency can be used as presented in this treatise: -definition 2.1 and the connection between microscale and macroscale (applicable, for example, if microscale and macroscale definitions are explicitly linked by formal averaging, cf. example 2.2) -lemma 2.3 and an implicit/explicit relation between the macroscopic parameters, preferably restricted by given assumptions to prove minimal subscale sufficiency (applicable, for example, if a partial differential equation or an energy potential determines which parameters are involved to solve for the unknown, cf. example 3.
2)
The objects of the criterion of subsacle sufficiency and the improvement scheme in theorem 2.4 can range from simple physical systems with few degrees of freedom to highly sophisticated multiphase problems incorporating temperature effects or nonlinearities. Employable assumptions may be strictly advisable for the latter to preserve analytical accessibility as they are also used for evaluation of other criteria such as objectivity or the entropy inequality. In multiphase systems, for example, some of the following potential assumptions (which are partially redundant or can supersede each other) can be used for specific physical situations, because the set S macro,HG is already too large for a manageable solution of most physical problems: I. Static system, i.e. velocities and accelerations vanish, often referred to as equilibrium; II. Immiscible phases without chemical interaction; III. Isothermal conditions, i.e. all phases possess the same temperature, which is constant; IV. Symmetric stress tensors, viscoelastic solid material and barotropic fluids neglecting macroscopic fluid shear stress; V. Massless interfaces and contact lines (they only interact with the adjacent phases by their interface/line stresses or energies); VI. Contact lines do not possess any thermodynamic properties; VII. Incompressible solid grains, also known as the hybrid model; VIII. Incompressible fluids, especially assumed for liquids compared with the low energy contribution by capillary pressure or gas deformation; IX. Rigid solid, often assumed when the focus lies on multiphase fluid flow in a porous skeleton with negligible solid deformation; X. The solid-fluid interfaces are constant, e.g. valid if the solid is entirely covered by the wetting fluid or contact-line movement is hindered for small stimulation.
In addition, two further methods support a manageable improvement of existing relationships as introduced in theorem 2.4. First, the weighting function ς can be simplified such that fewer states need to be evaluated. For instance, the integration can be restricted to a specific density Figure 2 . Sketch of the conceptual use of (minimal) subscale sufficiency within the overall modelling process of multiscale systems.
or velocity regime. Moreover, if an initial constitutive equation δ 1 is given only in terms of macroscopic parameters, another alternative is integration over purely macroscopic variations instead of microscopic variations. This corresponds to changing the weighting function of the deviation measure in a way that each macroscopic variation is now weighted uniformly. Such a simplified deviation measure is less general than evaluating all microscopic states but often remains a meaningful optimization for elimination of superfluous information. Second, and similar to statistical sufficiency, the integrals can be approximated by numerics. A numerical approximation is particularly useful if a specific value should be predicted and the analytical form is secondary.
(ii) Conceptual classification of subscale sufficiency
In contrast to the evaluation of constitutive equations by individual phenomena, the concept of subscale sufficiency evaluates macroscopic relationships from the opposite, i.e. general, direction. Note the conceptual difference between a proof of individual dependency (which requires one specific example of dependency) and a proof of sufficiency such as example 2. . objectivity) , or the aim on other confines (e.g. Hashin-Shtrikman bounds), cf. the conceptual classification in figure 2 . The criterion of subscale sufficiency should be considered as a supportive evaluation scheme that can help to determine whether additional information is required for construction of a constitutive relationship within a given multiscale framework.
3. Application of minimal subscale sufficiency to static capillary pressure in theory, experiment and numerics
(a) Motivation
Capillary pressure in fluid-filled porous media is a central property in environmental and technical systems. For example, the characterization of residually saturated soil [36] or manufacturing of air bubble curtains to reduce underwater noise pollution [37] rely on the dynamic response owing to capillary pressure. Furthermore, capillary forces may counteract gravity or pressure-induced flow [3] . Capillary pressure is also a key parameter to control and predict water content in polluted groundwater reservoirs or in areas subject to heavy rainfalls and landslides by liquefaction [3, 4] . A reliable physical description is required for the successful prediction and control of capillary pressure p c on the macroscale, e.g. in laboratory rock samples or in geophysical fieldwork. Widely accepted, empirically motivated relationships for capillary pressure are those of Brooks & Corey [38] and van Genuchten [39] , which relate equilibrium capillary pressure p c eq and saturation of the wetting phase s w in the form p c eq (s w ).
The theory of mixtures [40] [41] [42] and its extension by volume fractions to the theory of porous media [43] [44] [45] [46] integrate this relationship in a more comprehensive theoretical framework to model multiphase systems. In addition, averaging theories [47] [48] [49] do not start ab initio but on the basis of a smaller, so-called microscale and apply upscaling techniques to achieve a less complex framework on the macroscale. Hassanizadeh et al. [50] [51] [52] Recent developments in modern imaging and numerical techniques further expand the view on capillary pressure in fluid-filled porous media; among others, neutron or X-ray-based micro computed tomography (µCT), lattice Boltzmann methods and smoothed particle hydrodynamics [19] [20] [21] [22] [23] 53] . As a result, various additional parameters have been proposed to describe capillary pressure by means of averaged curvatures, contact angles or other values. Some of these new candidates are purely macroscopic approaches, whereas others are motivated by microscopic origins [54, 55] . Because macroscopic capillary pressure continues to be a focus of current theoretical, numerical and experimental research, it will be used to demonstrate the application and possible conclusions drawn from the criterion of subscale sufficiency. With respect to the introduced issue of sufficiency, the question is not whether more information than saturation is required (the need for additional information has been demonstrably answered by hysteresis observed during imbibition and drainage, [21, [50] [51] [52] 54, 56] )-but which information is sufficient?
(b) Definitions of macroscopic capillary pressure Whereas capillary pressure on the microscale is typically related to local curvature and surface tension [57, 58] , various definitions of macroscopic capillary pressure p c are used [54, 55] . Here, two types of definition are introduced to demonstrate the application of subscale sufficiency; one is related to the microscale by averaging and the other one is implicitly related to other macroscopic parameters by an energy potential. Both definitions are part of multiscale frameworks that provide a formalism for microscale and macroscale physics that is necessary to apply a formal sufficiency criterion [8] [9] [10] 49, 55] .
For the sake of convenience, this study will focus on static capillary pressure in equilibrium, p c eq . In this case, both definitions equal to the difference between the fluid pressures. Dynamic capillary pressure, on the contrary, involves a variety of complex dynamic mechanisms (e.g. local relaxation mechanisms, transport of interfacial areas, deviations between the pressure in the bulk and near the interface) and a convention for the assignment of further influences such as the saturation rate has not been yet established. Moreover, special effects such as surface charge or swelling are neglected.
Motivated by microscale definitions, the macroscopic capillary pressure can be defined by the product of surface tension σ and the averaged, macroscopic curvature κ [55, [59] [60] [61] [62] 
This definition is oriented towards an averaging of the microscopic origin at the fluid-fluid interfaces. In contrast, the thermodynamic definition of macroscopic capillary pressure of Hassanizadeh & Gray [50, 54] is derived from evaluation of the entropy inequality as the weighted energy change of the Helmholtz free energies A χ over change of saturation s w under assumptions I, II, V and VI (see §2c(i)) as
It also covers other approaches motivated by a saturation-induced change of the energy, e.g. related to deformation of interfaces and bulk phases [54, [63] [64] [65] , but may contradict averaging approaches such as (3.3) that constitutes a counterpart of the microscopic definition of capillary pressure. If we use assumptions I-IX, implying constant porosity (φ) and constant solid interface (a sw + a sn ) and relate volume fractions to saturation, the contribution of the free energies to the above formulation can be reduced to the influence of the triple {s w , a sw , a wn } [54] . The assumptions made are also typical for the majority of microscale investigations of capillary pressure, which focus on incompressible Newtonian fluids with constant surface tension and different contact angles [58, 62] . Assumption X, i.e. constant solid-fluid interfaces, further reduces the influence to {s w , a wn }. Among the modelling approaches using an energy potential, a common limiting case is a free energy that is proportional to surface tension and interfacial areas yielding
which may also be introduced as an a priori definition in compliance with assumptions I-X. Also note the analogous counterpart in the microscopic virtual work p c,micro dV micro = σ dA micro [57, 58] . In order to close the set of equation for the parameters of a macroscopic model such as S macro,HG from (1.1), a constitutive equation is required for p c eq to finally relate the fluid pressures. Geometric relationships between curvature, volume, and surface area as well as modelling approaches by surface energy strongly motivate the use of interfacial areas in addition to saturation. Although even the simple extension from p c eq (s w ) to p c eq (s w , a wn ) proves to be a challenge for current image analysis and theoretical models, successful results in theory and experiments [21, 51, 52, [66] [67] [68] [69] underline its significance. Still, its sufficiency remains to be formally evaluated in view of the complexity of the underlying microscale processes.
(c) Minimal subscale sufficiency of saturation and interfacial areas for capillary pressure:
conditions and examples smaller bridges of the same overall saturation and interfacial areas (e.g. by changing the contact angle) but with different curvature and capillary pressure. Nevertheless, several situations can be found that allow for application of the sufficiency criterion. With the derived property of (minimal) subscale sufficiency at hand, the application to possible experimental and numerical studies of partially saturated media should demonstrate its significance and usefulness. Based on these microscopic preconditions in a single cell and after division by the cell volume, the triple {s w , a wn , a sw } fully determines the curvature at the fluid-fluid interfaces. This microscopic behaviour implies that two geometrical realizations with identical values of {s w ,ã wn ,ã sw } yield the same capillary pressurep c | κ eq = σ κ in a cell. By definition 2.1, {s w , a wn , a sw } is thus (minimally) subscale sufficient for p c | κ eq . More information is not required from the microscale simulations to determine p c | κ eq . To investigate the possible equilibrium fluid distributions in a large system, the p c|κ eq (s w , a wn , a sw ) relationship only needs to be determined once for a single cell in numerical simulations. Thereafter, a coarse-grained model can be used, in which more simulation results than the subscale sufficient set are ignored for the closing equation of capillary pressure, cf. figure 3.
Note that hysteresis is not excluded for the relationship p c|κ eq (s w , a wn , a sw ) as different microscopic states may lead to identical curvature and capillary pressures. For instance, translation of the fluid-fluid interface along a straight tube does not change the capillary pressure and neither is filling of two identical throats capable of being differentiated. For simple macroscopic frameworks that do not require such detailed distinction, e.g. (1.1), {s w , a wn , a sw } remains sufficient to study the static capillary pressure in the tube network with reduced effort. Further influences such as dynamic effects depending on the rate of saturation or residually wetted surfaces are interesting aspects for future explorations of tube networks against the background of minimized information transferred across the scales. µCT scans in a partially saturated rock) . In this example, a partially saturated rock sample inside a synchrotron system (cf. [19, 20] in figure 4a ) should be evaluated in terms of a macroscopic framework. The framework should assume capillary pressure to depend on ∂a wn /∂s w such as p c|A eq , but also other values such as the production of interfacial areas or the initial state for linear wave propagation may be related to this derivative [52, 55, 70] . The sample is fully pre-wetted complying with assumptions I-X, except a discontinuous non-wetting phase. During several drainage and imbibition cycles in a small regime of relatively high saturation, the following data are recorded: saturation s w , interfacial areas a wn as well as an estimator for capillary pressure
Example 3.2 (evaluation of
, d min := minimal distance between two opposing wn-interfaces.
The initial estimation δ 1 can be conveniently evaluated from image data but it is error-prone with respect to the orientation of fluid-fluid interfaces and should thus be improved by theorem 2. The required behaviour may be found if perturbations are quasi-static and small enough to avoid coalescence or rupture of liquid bridges during one drainage and the subsequent imbibition cycle. Such small changes in saturation may play a role, for example, in slow relaxation processes under small strains such as squirt-flow at low frequencies [35] . Still, several distinct drainageimbibition curves can emerge for the relationship s w (a wn ), cf. figure 4b and [52, 56] . The curves evolve from a high-saturation state and branch out depending on the specific location of nuclei, yielding different configurations of connecting bridges. Moreover, a single point in the s w − a wn space can correspond to more than one microscopic configuration, cf. the high-saturation regime sketched in figure 4b .
Exploiting the regime of valid subscale sufficiency, the initial prediction δ 1 of capillary pressure in a specific situation can now be improved by starting from the measured set of {δ 1 ,s w ,ã wn }. The valueδ 1 is probably not a good estimator at very high saturation as it is influenced by the arbitrary placement and orientation of the liquid bridges or air bubbles next to each other. Following theorem 2.4, the initial estimator is improved by averaging δ 1 over all microscopic variations that correspond to the values {s w ,ã wn }, also cf. example 2.5. The full integral to be calculated, however, is practically inaccessible using theoretical, numerical or experimental tools. While the general improvement scheme in theorem 2.4 was analytically justified, the specific improvement in this example may be more obvious. The value of δ 1 depends on a specific microscopic configuration and can be influenced by random fluctuations in orientation and location of air bubbles or water bridges. Falsification owing to these fluctuations is smoothed out in δ 2 , which only incorporates states that are compatible to the values of the subscale sufficient set and thus compatible to the parameter of interest, p c|A eq . The value gets closer to the analytical solution, i.e. the best solution that can be obtained using the scheme in theorem 2.4, the more data points are recorded. Finally, the findings in this exemplary interpretation of µCT scans are based on two elements, knowledge about the subscale sufficient set and experimental data of only three numbers requiring 12 bytes in single-precision format to be stored for each scan.
Conclusion
Modelling multiphase systems by macroscopic relationships such as capillary pressure is a challenge of current research in science and technology. Significant individual progress is made by focus on specific phenomena, for example, saturation, interfacial areas or the saturation rate. Current evaluation of macroscopic relationships follows this approach by judging the significance for individual processes or focus on a single scale. However, a formalized concept evaluating the sufficiency of a proposed macroscopic relationship has been missing, in particular with respect to the transfer of information across the scales. Therefore, the concept of subscale sufficiency has been introduced. It states whether a chosen set of macroscopic parameters uses all microscale information that influences an unknown macroscopic parameter within a chosen multiscale framework. Minimal subscale sufficiency reduces the set as much as possible.
The criteria introduced can be used in theoretical modelling (eliminating candidates for constitutive equations, disclosing inconsistent assumptions between the scales) and evaluation of experiments and numerics (avoiding superfluous information and improving constitutive relationships). In examples 3.1 and 3.2, the criterion of subscale sufficiency demonstrated that static capillary pressure can be sufficiently described by saturation and interfacial areas for interesting systems under well-established assumptions (I-X). More information is superfluous. Useful application was demonstrated for evaluation of numerical and experimental results and for an improvement of a constitutive relationship.
As research is driven by both exploration of new phenomena and generalized frameworks for their explanation, the concept of subscale sufficiency should be understood as a support of the evaluation of individual macroscopic dependencies. In addition to extending macroscopic relationships by single new phenomena, it localizes the necessary information from the general definition. exceeding the requirement of this treatise, can be found, for example, in [8, 49, 71] . In this work, microscopic parameters Ψ micro These realizations are functions from a subset I space × I time ⊆ R 4 representing the space and time domain and mostly map to R or C. For example, an initial temperature distributionτ (x, t) of a specific boundary-value problem is considered to be a realization of the microscopic parameter temperature τ . Explicit dependence on x and t is not written if it can be neglected for convenience and the realizations are clearly functions of space and time. Typically, such realizations are squareintegrable step functions or C ∞ -functions and restricted by physical constrains and assumptions (e.g. spatial boundaries, symmetric stress tensors, strictly positive densities), see also [8, 49, 71] . Considering such restrictions, we introduce F micro set to be the function space of all realizations Ψ micro set valid for the given physical problem of interest. For example, an indicator function for the solid phase in a mixture is usually limited to step functions mapping to {0, 1}.
In a next step, we conceptually introduce the uspcaling schemes by 
}.
For instance, the macroscopic density may be introduced as a density of a specific phase averaged over an RVE. This definition of upscaling schemes and macroscopic parameters remains a physical concept until a realization is used in the form of specific equations as where the RVE-size was made space-dependent in this example.
